In this note, we construct a family of non-singular time-dependent solutions of a sixdimensional gravitational theory that are warped products of a four dimensional bouncing cosmological solution and a two dimensional internal manifold. The warp factor is timedependent and breaks translation invariance along one of the internal directions. When the warp factor is periodic in time, the non-compact part of the geometry bounces periodically.
Introduction
If the universe began with the big bang singularity, then it seems essential to find a "theory of initial conditions". One approach to understanding the theory of initial conditions is to assume the existence of the universe before the big bang. It was shown that it is necessary to have a contracting phase for the universe to be past-eternal [1] . Hawking and Penrose showed that a globally hyperbolic contracting space admitting a closed trapped surface will collapse into a singularity, unless an energy condition is violated [2] . This result imposes severe restrictions on a smooth transition from a contracting phase to an expanding phase.
There are many phenomenological models incorporating a pre-big bang scenario, in which the singularity is avoided by having matter that violates the null energy condition (NEC) [3, 4] or by violating the NEC using modified gravity [5] . For closed universes, it is sufficient to relax the strong energy condition (SEC) to avoid the singularity and such an example was constructed in [6] . 1 Though it is not possible to derive the energy conditions from first principles, it is known that most models of classical matter satisfy the NEC. Violation of the NEC implies that the Hamiltonian is unbounded from below. In other words, cosmological models violating the NEC admit solutions that have infinitely negative energies [7] . It has also been argued that violation of NEC in certain models of ghost condensation are pathological due to the existence of superluminal instabilities [8] . However, there are models violating the NEC that do not admit modes that propagate with superluminal speeds [9] or superluminal instabilities [10] . It is not clear at this point if violation of such energy conditions is unphysical. The strong energy condition is violated by a positive cosmological constant and also during inflation. Relaxing strong energy condition seems benign. In this regard, it would be interesting to find a microscopic realization of the fluid stress tensor in [6] using classical fields and a cosmological constant. Quantum effects can lead to violation of the null energy condition, but an averaged null energy condition must be satisfied. Orientifold planes in string theory can also allow for localized violations of the null-energy condition.
Instead of violating null and strong energy conditions, some researchers have sought to understand the singularity outside the realm of classical Einstein gravity. For instance, there have been a large number of proposals in the literature to understand the initial singularity using string dualities [11] - [15] . We will now review some of these proposals briefly.
In [13] , the cosmological solution is obtained by connecting two singular solutions at the singularity. A scalar field with a singular profile provides the stress tensor required to source the metric. Even though the infinite past is described by a smooth perturbative vacuum of string theory, the perturbative description breaks down near the bounce singularity and a non-perturbative string description is required to bridge the post big bang universe and the pre-big bang universe.
A geometric picture of certain big bounce singularities in higher dimensions was presented in [15, 16] , where the lower dimensional scalar field uplifts to the higher dimensional radion field. 2 The size of the circle shrinks to zero size when the universe passes through the singularity and expands again when the universe bounces from the singularity. They also considered the case where the compact direction is a line interval instead of a circle. In this case, when the universe approaches a big crunch, the branes at the endpoints of the interval collide with each other, and they pass through each other when the universe expands again [15, 16] . 3 The higher dimensional geometry discussed in [15, 16] is simply a time-dependent orbifold of flat space-time.
There are many Lorentzian or null orbifold models of bouncing singularities where the geometry is just obtained by taking quotients of flat spacetime by boost or combination of boosts and shifts [22, 23, 24] . 4 In the case of singular orbifolds, there is a circle that shrinks to zero size and then expands, leading to a bounce singularity. Such solutions are unstable to introduction of a single particle as the backreaction of the particle and the infinite number of orbifold images produces regions of large curvatures [23, 25] . In [23, 24] , examples of non-singular time-dependent orbifolds were presented. In these examples, size of the compact directions remain non-zero at all times but it becomes infinitely large in the infinite past and infinite future. That is, the extra dimensions are initially non-compact and then go through a compactification-decompactification transition. These null-orbifolds are geodesically incomplete unless the anisotropic directions are non-compact.
In this paper, we present a new class of non-singular bouncing cosmological solutions that has the following features:
1. These are classical solutions of Einstein's equations sourced by a stress-energy tensor that satisfies the null energy condition.
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2. The stress-energy tensor sourcing the metric can be realized by classical fields.
3. All non-compact spatial directions are homogeneous and isotropic.
4. These solutions can be embedded in string theory.
Demanding homogeneity and isotropy in all spatial directions (including compact directions)
rule out the possibility of finding such geometries. In fact, it can be shown that the metric
cannot exhibit a bounce (classically) unless the null-energy condition is violated [12, 16] . Hence, it is essential to include anisotropy or inhomogeneity in the compact extra dimensions to find non-singular bouncing cosmologies. We show that a timedependent warped metric of the following form can exhibit bouncing behavior (non-periodic as well as periodic):
More precisely, we find six dimensional solutions of Einstein-Maxwell-scalar theory in which the metric takes the form in (1) . Note that the non-compact directions are homogeneous and isotropic. The compact directions have finite non-vanishing size at all times. Most higher dimensional resolution of curvature singularities that have appeared in literature rely on reducing along a shrinking circle [17, 18, 19, 20] . Note that the higher dimensional geometry could be geodesically incomplete even if all curvature invariants are finite. In particular, the higher dimensional solution is geodesically incomplete if it satisfies the assumptions of the Hawking-Pensrose singularity theorems [17] .
We show that our solutions are geodesically complete and hence non-singular. We show our solutions evade Hawking-Penrose singularity theorems as the they do not admit a closed trapped surface. These geometries are homogeneous and isotropic along the non-compact spatial directions x. This non-trivial six-dimensional solution can be uplifted to a locally flat solution in 7-dimensions using an O(2, 2) transformation. This transformation provides a simple method for generating time-dependent warping. We show that the six-dimensional solution does not admit a time-translation symmetry.
In this paper, we also present an example of a class of solutions where the topology of the internal manifold changes dynamically. Note that we need atleast six-dimensions (3+1 (1) and show that these are geodesically complete as they do not admit closed trapped surfaces. In section §4, we conclude with a discussion on the results of this paper. We also present a short discussion on singular solutions with internal manifolds that dynamically change topology.
Dimensional reduction, scale factor duality and O(d, d) transformations
In this section, we will briefly review some solution generating techniques and also present a brief survey of some interesting solutions (in the literature) that can be obtained using these solution-generating techniques.
Generating non-trivial solutions from trivial solutions using Kaluza-Klein reduction
We will now present an example which has appeared multiple times in literature (see for instance [16, 15, 27] ) to illustrate the utility of Kaluza-Klein reduction as a solution gener-ating technique. We start with a flat metric written as a product of two-dimensional Milne universe and R d−1 :
This is a trivial saddle point of the following action:
We will now show that dimensional reduction along y direction of M 2 × R d−1 produces a non-trivial solution of the d−dimensional equations of motion. Using the Kaluza-Klein reduction ansatz, we can write the higher dimensional solution as
where σ = β −1 log |t|; ds 2 E,d−1 is the lower dimensional line element in Einstein frame, and
The action in (3) can be consistently truncated to the following Einstein-scalar action in lower dimensions:
The lower dimensional solution is
Recall that the higher dimensional metric is just a special coordinate patch on d + 1 dimensional Minkowski space-time. However, the lower dimensional solution is non-trivial and does not admit a time-like killing vector. In fact, the lower dimensional geometry has a curvature singularity. Though the curvature invariants of higher dimensional geometry are all finite, the spacetime is geodescially incomplete [17] . The above d−dimensional solution and the uplift to d + 1 dimensional M 2 × R d−1 has been discussed in [15, 16, 27 ] already.
It is also possible to generate solutions with a non-trivial geometry as the starting point instead of flat space-time. For instance, the Hawking-Turok instanton can be obtained 7 The lower dimensional action is a consistent truncation of the higher dimensional action if all solutions of the lower dimensional equations of motion can be uplifted to solutions of higher dimensional action.
by reducing a bubble of nothing in five-dimensions [29] . Using this trick, it is possible to generate magnetic or charged dilatonic solutions (black holes or expanding cosmologies) starting from known uncharged solutions [27, 30, 31, 32, 33] . Now, we will discuss a different uplift of the lower dimensional solution in (4). The solution in (4) can also be uplifted to the following solution of the higher dimensional equations of motion
We will now show that the above solution is related to a particular solution of BelinskyKhalatnikov type [35] . Recall that the action in (3) is not the Einstein frame action. The saddle point of the Einstein frame action is obtained by a Weyl rescaling of the metric.
After shifting to Einstein frame, the solution is given by
After the coordinate redefinition: t 2 = 2τ, x = √ 2 X, the above solution becomes a special case of Belinsky-Khalatnikov solution [35] (with d = 3). In the new coordinates the solution takes the following form
where
Belinsky and Khalatnikov [35] found more general time-dependent solutions of the above form where p i and q satisfy the same relation.
The solution in (5) 
where Ω is a 2d × 2d O(d, d) matrix i.e., Ω satisfies the following condition:
The matrix M is a symmetric O(d, d) covariant matrix. It is possible to write the action in a manifestly O(d, d) invariant fashion using the double field theory formalism (see [36] ). In which is a generalization of the scale factor inversion.
Scale factor duality (SFD) transformation is a special case of an O(d, d) duality transformation (with H = dB = 0). When dB = 0, the action of scale factor duality can be written as follows
Scale factor duality maps an expanding universe to a contracting universe. This forms the basis for the pre-big bang scenario of [13] . Note that the solution in (5) is related to the locally flat solution in (2) through a SFD transformation.
In the next section, we will show that the solution generating techniques discussed in this section can be used to find non-singular bouncing cosmologies that do not admit any closed trapped surface.
3 Non-singular Bouncing Cosmological Solutions
Solution of six dimensional Einstein-Maxwell-Scalar theory
In this section, we will describe a method to obtain six-dimensional non-singular cosmo- 
where g φφ = (R + r(t) sin θ) 2 ; x denotes the 3 non-compact spatial directions, t denotes a timelike coordinate, θ, φ and z are the 3 compact directions; α, β and R are non-zero constants. Note that the metric degenerates when β = 0. To ensure that t is timelike, we choose r(t) such that −1 < r (t) < 1. The above metric can be transformed to the familiar flat space metric:
, by using the following change of coordinates x = x, t = t, y 1 = βz+r(t) cos θ, y 2 = (R+r(t) sin θ) cos φ, y 3 = (R+r(t) sin θ) sin φ (11) with −∞ > t > ∞, 2π > θ ≥ 0 and 2π > φ ≥ 0. The metric in (10) extremizes the seven dimensional low-energy string effective action in (3) (with ϕ = 0 and H = 0). We will now reduce along z direction to obtain a non-trivial solution in six-dimensions. The six dimensional action can be obtained by writing the 7D line element in the Kaluza-Klein reduction ansatz:
When ϕ and H are trivial, the seven dimensional action can be consistently truncated to the following Einstein-Maxwell-scalar action:
where,ĝ is the Einstein frame metric,F = dÂ is the field strength and σ is the radion field.
The six dimensional solution is given by
tÂθ ,ĝ tφ = −e 5σ/2Â
tÂφ ,
θÂφ ,
2 g φφ ,ĝ ij = e (13) is non-singular, we have to prove that it is geodesically complete [37] . We will prove this at the end of the next sub-section.
Absence of time-translation symmetry
In this subsection, we will show that our solution in (13) does not admit a time-translation symmetry. In the process of showing this, we found a simple trick to prove our solution is geodesically complete. We will present this discussion at the end of this sub-section.
We begin with a discussion on time translation symmetry. ξ is a symmetry generator if the following equations are satisfied
where Λ denotes the gauge shift. We can rewrite the second condition as follows:
whereΛ = ∂ µ Λ − ∂ µ Â λ ξ λ is just a redefinition of the gauge shift.
We will now show that there is no time-like vector satisfying the above conditions. Note that ξ t must be non-trivial for ξ to be time-like. The first two conditions and the trace of the third condition implies that ξ should take the following form
is a function of σ, U 0 and V i 0 are constants. Note that we have used the isotropy and homogeneity of the non-compact spatial directions to write down the above expression.
The variation of σ,Â µ and the trace of the Killing equation seems to fix ξ uniquely unto some unknown constants and an unknown function (Λ) of σ. The only freedom in ξ is in the choice ofΛ. The form ofΛ should be fixed by using the other Killing equations. We can verify that there exists noΛ(σ) for which δ ξĝtφ , δ ξĝtθ , δ ξĝθφ , δ ξĝtt and δ ξĝθθ all vanish when U 0 = 0. We also know that ξ is not time-like if U 0 = 0. This implies that the 6D solution does not admit a time-translation symmetry. Note that when r(t) is periodic, the geometry is invariant under discrete time translation invariance.
We will now show that the 6D geometry is geodesically complete for any choice of r(t) satisfying the conditions: 0 < r(t) < R ∀ t, and β > 0. To show this, we will first construct a vector ζ that satisfies ∇ µ ζ ν + ∇ ν ζ µ = 0, but δ ζ σ = 0. Note that such a vector is not a symmetry of the theory. For instance, linear dilaton solutions ten-dimensional supergravity theories admit such a vector [38, 39] . In the linear dilation solutions, translation invariance (along a particular direction) is manifestly broken by the dilaton, while the string frame metric is invariant under spatial translations. 8 We will now return to our discussion on geodesic completeness. We can verify that the
We would like to emphasize that ζ does not generate time translation symmetry. However, the existence of this vector simplifies the proof of geodesic completeness. Let u µ denote the tangent vector to a geodesic and λ be an affine parameter. To prove geodesic completeness, we have to show that the affine parameter λ can take all values in (−∞, ∞). Using the fact ∇ µ ζ ν + ∇ ν ζ µ = 0 and the geodesic equation (u µ ∇ µ u ν = 0), we can show that u µ ζ µ is a constant. This implies dt dλ
This shows that λ can take all values in (−∞, ∞) and hence the six-dimensional geometry is geodesically complete. In the next section, we show that our solution evades the HawkingPenrose singularity theorem because it does not admit any closed trapped surface.
Absence of Trapped Surface
The existence of closed trapped surface (CTS) is an essential ingredient in the proof of
Hawking-Penrose singularity theorems. A closed trapped surface is a compact codimensiontwo spacelike surface, where both "ingoing" and "outgoing" null-congruence normal to the surface are converging. In this section, we show that the geometry described by (13) does not admit such a trapped surface (see Fig. 1 ). To prove the non-existence of CTS, we have to show that the product of the trace of the two null second fundamental forms is not positive.
Before we proceed to the calculations, we will provide a simple argument for the non- We will now show that the six-dimensional geometry does not admit a CTS by explicitly computing the product of the expansion factors. This also implies the non-existence of a CTS in seven-dimensions. First, we rewrite the seven-dimensional metric in the following form for convenience.
Since the non-compact spatial directions are homogeneous and isotropic, it is sufficient to show that a surface S, described by t = t 0 , ρ = ρ 0 cannot be trapped, where t 0 and ρ 0 are some constants. The first fundamental form associated with the surface t = t 0 , ρ = ρ 0 is where A, B ∈ {θ 2 , φ 2 , θ, φ}. Note that this surface is a T 2 fibered over a two-sphere. Now, we can define the future-directed ingoing and outgoing null 1-forms normal to this surface as follows
where ν is an arbitrary function on the surface S. We can now compute the second fundamental form as follows:
Now, let us define κ = 2 γ AB χ
A simple procedure for computing κ can be found in [41] . The product of the trace of χ + AB and χ − AB is given by
Note that κ is independent of ν. We will now show that κ cannot be positive everywhere if S is compact (S is compact only if ρ 0 is finite). First, note that when r (t 0 ) = 0, κ is negative for all values of ρ. Hence, it is sufficient to consider the case where r (t 0 ) is non-zero.
Demanding positivity of κ at θ = π we get,
2 where e 2σ = α 2 R 2 + β 2 . Note that when θ 2 → 0, ρ 0 → ∞ (α and β are non-zero). Similarly, ρ 0 diverges when θ 2 → π. Hence, κ cannot be positive when θ = π and θ 2 = 0 or π unless ρ 0 is infinite. This shows that a trapped surface cannot be compact and hence the 6D solution in (13) does not admit a closed trapped surface.
Discussion
In this note, we studied a family of six-dimensional (and 7D) nonsingular cosmological solutions that can be obtained from 7D flat spacetime using simple solution generating techniques. We have shown that our solutions are free of closed trapped surfaces and hence they evade the Hawking-Penrose singularity theorems. Since, these solutions can be generated from flat space, it is straightforward to embed these solutions in string theory.
In particular, the 7D solutions in appendix A can be obtained from solutions of type II supergravity by reducing along a T 3 (with all RR field strengths set to zero).
In order to understand the physics as seen by a four dimensional observer, it seems essential to study the reduction to four-dimensions. However, it appears that the 6D and 7D solutions discussed in this paper do not have any simple description in four dimensions.
When the warp factor is time dependent all Kaluza-Klein modes are excited and it is not clear how the higher Kaluza-Klein modes decouple from the lower dimensional effective action. There has been some work in the literature to understand the quadratic terms appearing in the lower dimensional effective action [43] in a general warped compactification.
But at this point it is not clear how one can study the non-linear terms arising from such a reduction. In a general warped compactification, the nonlinear terms lead to mixing between arbitrary number of Kaluza-Klein modes and a procedure for consistently truncating to the lowest Kaluza-Klein modes is not yet known.
In this note, we have only focussed on geometries that are warped products of a T 2 and 3+1 dimensional bouncing cosmology. However, the method used to obtain theses solutions can be used to generate solutions where the topology of the internal manifold is different from T 2 . In fact, there are solutions where the topology of the internal manifold changes dynamically. We will provide a simple example of such a solution here. Let us consider the solution in (13) when min(r(t)) < R ≤ max(r(t)). When r(t) < R, the internal manifold is a ring torus and the six-dimensional metric in (13) describes a T 2 fibered over R 3,1 , while the internal geometry has topological genus zero when r(t) ≥ R (see Fig. 2 ). This topology change can also happen periodically if r(t) is periodic. Such topology changing transitions are singular (g φφ vanishes when r(t) = R) even though the scalar field and the gauge field strength do not diverge. The Euler characteristic of the internal manifold is zero even when r(t) ≥ R because of the singularities. 9 We would like to point out that the topology changing transitions discussed here are similar to the dynamical topology change discussed in [42] . It would be interesting to study more general topology changes where the internal manifold with topological genus-g changes to a geometry with topological genus-g . These topology changing transitions suggest the possible existence of tunneling transitions that cannot be described by conventional Coleman-De Luccia instantons [44] . In particular, the lower dimensional effective theory framework used to describe Coleman-De Luccia instantons cannot describe tunneling transitions that involve mixing of an arbitrarily large number of Kaluza-Klein modes.
The family of solutions in (13) are free of singularities when max(r(t)) < R, but it is not clear if these solutions are all stable. Since these solutions are obtained from flat 9 The Euler characteristic of a Riemann surface described by an algebraic curve with N s singular points of multiplicities m 1 , · · · , m Ns and topological genus g is
Note that the topological genus is different from the arithmetic genus for algebraic curves with singularities. The ring torus is topologically equivalent to an elliptic curve with no singularities while the spindle torus (see Fig. 2 ) is equivalent to an elliptic curve with a singularity of multiplicity 2.
solutions in higher dimensions, we expect these solutions to be perturbatively stable. It seems worthwhile to analyze the stability of these solutions.
Another concern that needs to be addressed is the following: How can such solutions be consistent with second law of thermodynamics? The gravitational entropy of the universe reaches a minimum when the universe bounces from a contracting phase to an expanding phase. When the geometry does not admit a closed trapped surface the definition of gravitational entropy is not even clear; in particular, it is not possible to define the gravitational entropy as the area of a Killing horizon. It seems that there exists some notion of time's arrow that can be defined using Raychaudhuri equation even when the universe bounces periodically. The arrow of time defined using the Raychaudhuri equation is related to the the seven-dimensional arrow of time. However, it is not clear if the thermodynamic arrow of time is actually related to this. It is also not clear, how quantum effects modify the singularity theorems. So a classical bouncing solution that is geodesically complete and stable could be unstable quantum mechanically.
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A Solutions in Seven Dimensions
In this section, we present 7D solutions that are related to the trivial solution in (10) by O(2, 2) transformations. First, let us look at the solution that can be obtained from (10) by using Buscher rules along z direction. We write down the Buscher rules here for convenience: H =Â a dx a ∧ dz +Â φ dφ ∧ dz, ϕ = ϕ 0 − σ (A.4) where a ∈ {t, x} and A
a = e 2σ g φa . We can verify that this solution also reduces to (13) .
Solutions generated using a general O(2, 2) duality transformation on (13) need not be equivalent to the above solution. Under general O(2, 2) transformations the two dimensional part of the internal manifold and the B field transforms as described in (8) . As an example, let us study the action of the following O(2, 2) matrix on the 6D solution in ( We can verify that this solution reduces to a solution that is not equivalent to (13) . Note that the above solution and the solution in (A.3, A.4) can be uplifted to solutions of type II supergravity trivially.
